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Abstract
Using in the Bohr Hamiltonian the approximations leading to the Bohr and Mottelson
description of wobbling motion in even nuclei, a W(5) model for wobbling bands, coexisting
with a X(5) ground state band, is obtained. Separation of variables is achieved by assuming
that the relevant potential has a sharp minimum at γ0, which is the only parameter entering
in the spectra and B(E2) transition rates (up to overall scale factors). B(E2) transition
rates exhibit the features expected in the wobbling case, while the spectrum for γ = 20o is
in good agreement with experimental data for 156Dy.
1. Introduction
Nuclear wobbling motion [1] is expected to occur for triaxial nuclei at high angular
momenta, when the angular momentum is aligned with the axis corresponding to the largest
moment of inertia, a situation which classically corresponds to simple rotation without
precession of the axes. Although wobbling motion was initially introduced for even nuclei
[1], it has been seen experimentally up to now (and only recently) only in odd nuclei (163Lu
[2, 3, 4], 165Lu [5], 167Lu [6]). Detailed theoretical works have been performed in the cranked
shell model plus random phase approximation [7, 8, 9], as well as in the particle–rotor model
[10, 11], which naturally contain free parameters.
In the present work we attempt a nearly parameter-free (up to overall scale factors)
description of wobbling in even nuclei, following the methods developed in the E(5) [12],
X(5) [13], Y(5) [14], and Z(5) [15] models, which correspond to the U(5)–O(6), U(5)–
SU(3), axial–triaxial, and prolate–oblate shape phase transitions respectively. Furthermore,
the wobbling nucleus is assumed to possess a relatively rigid triaxial shape, as in Refs.
[16, 17, 18], with the potential having a sharp minimum at γ = γ0. γ0 is the only free
parameter entering in the problem. It will be seen, however, that the results are changing
very little with γ0 within the region of interest. The path we follow is described here:
1) We assume that the ground state band (gsb), which should be Yrast at low angular
momentum L, is axial, characterized by γ0 = 0. We then use for this purpose the X(5)
gsb, which is indeed derived from the original Bohr Hamiltonian [19] after approximately
separating variables for γ = 0 [13].
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2) We assume (as in Ref. [20]) that triaxiality should appear at higher L. Starting
then from the original Bohr Hamiltonian, we approximately separate variables following
the steps of Bohr and Mottelson [1] in the definitive description of wobbling and keeping γ
close to γ0. The resulting model, in which only γ0 appears as a parameter, we call W(5).
The spectrum of W(5) is measured from the ground state of X(5) and normalized to the first
excited state of the gsb of X(5), in order to be directly comparable to the X(5) spectrum.
3) The nw = 0 band of W(5) (where nw is the number of wobbling phonons [1]) is found
to cross the gsb of X(5) at certain L, depending (very weakly within the region of interest)
on γ0. Thus the nw = 0 band of W(5) becomes Yrast beyond some specific L. Bands with
nw = 1, 2, . . . exist at higher energies.
4) The nw = 0, 1, 2 bands of W(5) are connected by intraband and interband B(E2)
transitions which exhibit the characteristic features expected in the case of wobbling [21].
It is clear that the W(5) model should be tested against experiment in nuclei of which
the gsb at low L appears to be close to X(5). A summary of such nuclei in the rare earth
region is given in Ref. [22]. It is indeed seen that existing experimental spectra on 156Dy
[23] correspond very well to the nw = 0 and nw = 1 bands of the W(5) model for γ0 = 20
o.
In Sections 2 and 3 of the present work the β-part and the γ-part of the W(5) spectrum
are derived respectively, while B(E2) transition rates are studied in Section 4. Numerical
results are presented in Section 5, while Section 6 contains a brief comparison to experiment
and in Section 7 discussion of the present results and plans for further work are given.
2. The β-part of the spectrum
The original Bohr Hamiltonian [19] is
H = − h¯
2
2B

 1
β4
∂
∂β
β4
∂
∂β
+
1
β2 sin 3γ
∂
∂γ
sin 3γ
∂
∂γ
− 1
4β2
∑
k=1,2,3
Q2k
sin2
(
γ − 2
3
πk
)

+ V (β, γ),
(1)
where β and γ are the usual collective coordinates, whileQk (k = 1, 2, 3) are the components
of angular momentum and B is the mass parameter.
Introducing [13] reduced energies ǫ = 2BE/h¯2 and reduced potentials u = 2BV/h¯2,
one aims at an approximate separation of variables by assuming that the reduced potential
can be separated into two terms, one depending on β and the other depending on γ, i.e.
u(β, γ) = u(β) + u(γ).
In the X(5) model [13], approximate separation of variables is achieved by assuming that
the potential u(γ) has a minimum around γ0 = 0, guaranteeing thatK, the projection of an-
gular momentum on the body-fixed zˆ′-axis, is a good quantum number. One then seeks solu-
tions of the relevant Schro¨dinger equation having the form Ψ(β, γ, θi) = φ
L
K(β, γ)DLM,K(θi),
where θi (i = 1, 2, 3) are the Euler angles, D(θi) denote Wigner functions of them, while L
and M are the eigenvalues of angular momentum and the eigenvalues of the projection of
angular momentum on the laboratory-fixed zˆ-axis respectively. In the case in which u(β)
is an infinite well potential
u(β) =
{
0 if β ≤ βW
∞ for β > βW , (2)
the relevant differential equation is solved exactly, the corresponding eigenvalues being
ǫβ;s,ν = (ks,ν)
2, ks,ν =
xs,ν
βW
, (3)
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where xs,ν is the s-th zero of the Bessel function Jν(ks,νβ), with [13, 24]
ν =
(
L(L+ 1)−K2
3
+
9
4
)1/2
. (4)
while the relevant eigenfunctions are
ξs,ν(β) = cs,νβ
−3/2Jν(ks,νβ), (5)
where cs,ν are normalization constants.
In the Z(5) model [15], approximate separation of variables is achieved by assuming
that the potential u(γ) has a minimum around γ0 = π/6, guaranteeing [25] that α, the
projection of angular momentum on the body-fixed xˆ′-axis, is a good quantum number.
One then seeks solutions of the relevant Schro¨dinger equation having the form Ψ(β, γ, θi) =
ξL,α(β)η(γ)DLM,α(θi). In the case of u(β) being an infinite well potential (Eq. (2)) the
relevant differential equation is solved exactly, the eigenvalues and eigenfunctions having
the form given in Eqs. (3) and (5) respectively, with [15]
ν =
√
4L(L+ 1)− 3α2 + 9
2
=
√
L(L+ 4) + 3nw(2L− nw) + 9
2
, (6)
where nw = L− α is the wobbling quantum number [25].
The X(5) and Z(5) solutions, briefly reviewed above, are obtained for specific values of γ0
(0, π/6 respectively), and are valid for any value of the angular momentum L. A different
approximate solution, which for brevity we are going to call W(5), can be obtained by
following the steps of Bohr and Mottelson [1] for the description of wobbling motion. This
solution will be obtained for a range of γ0 values, but it will be valid only for large values
of the angular momentum L, which is supposed to be aligned along the axis corresponding
to the largest moment of inertia.
Using in Eq. (1) the definitions
Ak =
1
sin2
(
γ − 2pi
3
k
) , k = 1, 2, 3 (7)
one sees that in the region 0 < γ < π/6 one has A1 < A2 < A3. Therefore the largest
moment of inertia corresponds to k = 1. In what follows we are going to restrict ourselves
to the 0 < γ < π/6 region.
For large angular momenta L aligned along the k = 1 axis, following Bohr and Mottelson
[1] one can see that the eigenvalues of the A1Q
2
1 + A2Q
2
2 + A3Q
2
3 term in Eq. (1) take the
form
ε(nw, L) = A1L(L+ 1) + 2A1L
(
nw +
1
2
)
Aw, (8)
with
Aw =
√(
A2
A1
− 1
)(
A3
A1
− 1
)
, (9)
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where nw is the number of the wobbling excitation quanta, for which the approximate (in
the present case) relation nw = L− α (where α is the projection of angular momentum on
the k = 1 body-fixed axis, as before) holds. Since α ≈ L and L is a good quantum number,
α can be approximately treated as a good quantum number, too.
It should be remembered that the approximations carried out in Ref. [1] are valid for
L >>
(
nw +
1
2
)
1
Aw
(
A2 + A3
A1
− 2
)
≡ L0, (10)
where Aw is given by Eq. (9).
Using this result in the Schro¨dinger equation corresponding to the Hamiltonian of Eq.
(1), one can separate it into two equations[
− 1
β4
∂
∂β
β4
∂
∂β
+
1
4β2
A1
(
L(L+ 1) + 2L
(
nw +
1
2
)
Aw
)
+ u(β)
]
ξL,nw(β) = ǫβξL,nw(β),
(11)[
− 1〈β2〉 sin 3γ
∂
∂γ
sin 3γ
∂
∂γ
+ u(γ)
]
η(γ) = ǫγη(γ), (12)
where 〈β2〉 is the average of β2 over ξ(β), and ǫ = ǫβ + ǫγ . Here we assume, as in Refs.
[16, 17, 18], that the potential u(γ) has a deep minimum at γ = γ0, and that the variable
γ remains “frozen” at the value γ0 in A1 and Aw, appearing in Eq. (11). Furthermore, the
〈β2〉 term introduces a “hidden” dependence on s, L, and nw in Eq. (12). The approximate
separation of the β and γ variables is achieved by considering an adiabatic approximation,
as in the X(5) case [13, 24].
The total wave function should have the form
Ψ(β, γ, θi) = ξL,nw(β)η(γ)DLM,α(θi), (13)
with α = L− nw.
In the case in which u(β) is the infinite well potential of Eq. (2), one can use the
transformation [13] ξ˜(β) = β3/2ξ(β), as well as the definitions [13] ǫβ = k
2
β, z = βkβ, in
order to bring Eq. (11) into the form of a Bessel equation
d2ξ˜
dz2
+
1
z
dξ˜
dz
+
[
1− ν
2
z2
]
ξ˜ = 0, (14)
with
ν =
√
A1L(L+ 1) + 2A1L
(
nw +
1
2
)
Aw + 9
2
. (15)
Then the boundary condition ξ˜(βW ) = 0 determines the spectrum
ǫβ;s,ν = ǫβ;s,nw,L = (ks,ν)
2, ks,ν =
xs,ν
βW
, (16)
and the eigenfunctions
ξs,ν(β) = ξs,nw,L(β) = ξs,α,L(β) = cs,νβ
−3/2Jν(ks,νβ), (17)
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where xs,ν is the sth zero of the Bessel function Jν(z), while the normalization constants
cs,ν are determined from the normalization condition
∫∞
0 β
4ξ2s,ν(β)dβ = 1. The notation for
the roots has been kept the same as in Ref. [13], while for the energies the notation Es,nw,L
will be used. The lowest band corresponds to s = 1, nw = 0 with L = 0, 2, 4, . . . , while
the next bands are s = 1, nw = 1 with L = 1, 3, 5, . . . , and s = 1, nw = 2 with L = 2, 4,
6, . . . [25].
In the special case of γ0 = π/6 one can easily see from Eqs. (7), (9) that A1 = 1,
A2 = A3 = 4, Aw = 3. Then Eq. (15) takes the form ν =
1
2
√
L(L+ 4) + 6nwL+ 9, which
is in agreement with the corresponding Z(5) expression of Eq. (6) up to terms of order n2w.
3. The γ-part of the spectrum
The γ-part of the spectrum is obtained from Eq. (12), which can be simply rewritten
as [
− 1〈β2〉
(
∂2
∂γ2
+ 3
cos 3γ
sin 3γ
∂
∂γ
)
+ u(γ)
]
η(γ) = ǫγη(γ). (18)
We consider a harmonic oscillator potential having a sharp minimum at γ = γ0 (0 < γ0 ≤
π/6), i.e.
u(γ) =
1
2
c (γ − γ0)2 = 1
2
cγ˜2, γ˜ = γ − γ0. (19)
The minimum is sharp as long as the constant c is taken to be sufficiently large.
Since we consider only small oscillations around γ0, the above equation can be brought
into the form [
− ∂
2
∂γ˜2
− 3 cot 3γ0 ∂
∂γ˜
+
1
2
c〈β2〉γ˜2
]
η(γ˜) = ǫγ˜〈β2〉η(γ˜). (20)
Using
η(γ˜) = η˜(γ˜)e−3(cot 3γ0)γ˜/2, (21)
Eq. (20) is brought into the form
(
− ∂
2
∂γ˜2
+
1
2
c〈β2〉γ˜2
)
η˜(γ˜) =
(
ǫγ˜〈β2〉 − 9
4
(cot 3γ0)
2
)
η˜(γ˜), (22)
which is a simple harmonic oscillator equation with energy eigenvalues
ǫ˜γ˜ = ǫγ˜〈β2〉 − 9
4
(cot 3γ0)
2 =
√
2c〈β2〉
(
nγ˜ +
1
2
)
, nγ˜ = 0, 1, 2, . . . (23)
and eigenfunctions
η˜nγ˜ (γ˜) = Nnγ˜Hnγ˜ (bγ˜)e
−b2γ˜2/2, b =
(
c〈β2〉
2
)1/4
, (24)
with normalization constant
Nnγ˜ =
√√√√ b√
π2nγ˜nγ˜ !
. (25)
Similar potentials and solutions in the γ-variable have been considered in [18, 19].
5
The total energy in the case of the W(5) model is then
E(s, nw, L, nγ˜) = E0 + A(xs,ν)
2 +Bnγ˜ . (26)
It should be noticed at this point that the γ-part of the spectrum is treated here only
to lowest order approximation. Although this suffices for the purpose of the present work,
in which only states with nγ˜ = 0 are considered, higher approximations might be necessary
for the detailed study of states with nγ˜ 6= 0.
4. B(E2) transition rates
As in the Z(5) case, the quadrupole operator is given by
T (E2)µ = tβ
[
D(2)µ,0(θi) cos
(
γ − 2π
3
)
+
1√
2
(D(2)µ,2(θi) +D(2)µ,−2(θi)) sin
(
γ − 2π
3
)]
, (27)
where t is a scale factor, while in the Wigner functions the quantum number α appears next
to µ, and the quantity γ − 2π/3 in the trigonometric functions is obtained from γ − 2πk/3
for k = 1, since in the present case the projection α along the body-fixed xˆ′-axis is used.
Eq. (27) is equivalent to Eq. (3.6) of Ref. [7], up to a sign convention for γ. This indicates
that the results of the present work correspond to region 2 (−60o < γ < 0o) [7] in the Lund
convention. However, in the present case only the region 0o < γ < 30o is covered, because
of the assumptions made in Section 2.
B(E2) transition rates are given by
B(E2;Liαi → Lfαf) = 5
16π
|〈Lfαf ||T (E2)||Liαi〉|2
(2Li + 1)
. (28)
The symmetrized wave function reads
Ψ(β, γ, θi) = ξs,nw,L(β)η(γ˜)
√
2L+ 1
16π2(1 + δα,0)
(D(L)µ,α + (−1)LD(L)µ,−α), (29)
where the normalization factor occurs from the standard integrals involving two Wigner
functions [26] and is the same as in Ref. [25]. α has to be an even integer [25], while for
α = 0 it is clear that only even values of L are allowed, since the symmetrized wave function
is vanishing otherwise.
In the calculation of the matrix elements of Eq. (28) the integral over γ leads to unity
[because of the normalization of η(γ˜)], the integral over β takes the form
Iβ(si, Li, αi, sf , Lf , αf) =
∫
βξsi,αi,Li(β)ξsf ,αf ,Lf (β)β
4dβ, (30)
where the β factor comes from Eq. (27), and the β4 factor comes from the volume element
[19], while the integral over the angles is calculated using the standard integrals involving
three Wigner functions [26]. The separation of the integrals occurs because η(γ˜) does not
depend on α or nw, while in ξ(β) only even values of α appear. The final result reads
B(E2;Liαi → Lfαf ) = 5
16π
t2
1
(1 + δαi,0)(1 + δαf ,0)
6
[
cos
(
γ − 2π
3
){
(Li2Lf |αi0αf ) + (−1)Li(Li2Lf | − αi0αf)
}
+
1√
2
sin
(
γ − 2π
3
){
(Li2Lf |αi2αf) + (Li2Lf |αi − 2αf) + (−1)Li(Li2Lf | − αi2αf)
}]2
I2β(si, Li, αi, sf , Lf , αf). (31)
One can easily see that the Clebsch–Gordan coefficients (CGCs) appearing in this equation
impose a ∆α = 0,±2 selection rule. Indeed, the first CGC is nonvanishing only for αi = αf ,
while the third CGC is nonvanishing only if αi+2 = αf , and the fourth CGC is nonvanishing
only if αi − 2 = αf . The second and fifth CGCs are nonvanishing only if αi + αf = 0 and
αi + αf = 2 respectively, which can be valid only in a few special cases.
It is worth remarking that the first CGC in Eq. (31) allows for nonvanishing quadrupole
moments, in contrast to the Z(5) case [15], where quadrupole moments vanish up to this
order.
5. Numerical results
For low angular momentum the nucleus is expected to have γ0 = 0. As angular mo-
mentum rises, at some point the nucleus will “jump” (as in Ref. [20]) to the large L limit
corresponding to wobbling motion. As a consequence, the ground state band (gsb) of the
nucleus should correspond to the gsb of X(5). The X(5) gsb should be the Yrast band up
to some value of L, beyond which the nw = 0 wobbling band should become Yrast, while
additional wobbling bands with nw = 1, 2, . . . should be seen further up in energy.
It is therefore reasonable to measure all energies from the ground state of X(5) and
normalize them to the lowest excitation energy of X(5). Therefore for the wobbling levels
the ratios
E
W (5)
s,nw,L =
ǫ
W (5)
β,s,nw,L
− ǫX(5)β,s=1,L=0
ǫ
X(5)
β,s=1,L=2 − ǫX(5)β,s=1,L=0
(32)
will be used, while for the X(5) levels the ratios
E
X(5)
s,L =
ǫ
X(5)
β,s,L − ǫX(5)β,s=1,L=0
ǫ
X(5)
β,s=1,L=2 − ǫX(5)β,s=1,L=0
(33)
will be used.
As we have seen in Section 2, the results depend on γ0, the value of γ at which the
relevant potential is supposed to have a sharp minimum and at which the variable γ is
“frozen” in the β-equation (Eq. (11). In what follows we are going to focus attention on
γ0 = 15
o, which lies midway between the axial (γ0 = 0) and maximally triaxial (γ0 = 30
o)
cases, and on γ0 = 20
o, which has been found of interest [4] in the framework of “Ultimate
Cranker” [27] calculations.
Spectra for the lowest wobbling bands for γ = 15o and γ = 20o are shown in Table 1,
where the gsb of X(5) is also shown for comparison. In Fig. 1 several levels of the nw = 0
and nw = 1 bands are plotted as a function of γ0. It is seen that the γ0-dependence of the
energy levels is rather flat within the region of interest (10o < γ0 < 30
o), therefore the two
γ0 values shown in Table 1 suffice.
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In Table 1 the restrictions imposed by the condition of Eq. (10) are reminded by
reporting the appropriate L0 values and by putting in parentheses the energies of the levels
below this limit.
In Table 1 we remark that the nw = 0 band with γ0 = 15
o crosses the X(5) gsb above
L = 12 and becomes Yrast from L = 14 up, while the nw = 0 band with γ0 = 20
o crosses
the X(5) gsb above L = 8 and becomes Yrast from L = 10 up. The angular momentum L
at which the bandcrossing of the X(5) gsb and the nw = 0 band occurs does not depend on
any free parameter, but only on γ0, the relevant dependence being shown in Fig. 2 . We
remark that this L changes very little in the region 15o < γ0 < 30
o.
Intraband B(E2) transition rates of the wobbling bands, as well as interband B(E2)
transition rates among wobbling bands are shown in Table 2, again for γ0 = 15
o and
γ0 = 20
o, normalized to the B(E2) transition rate between the two lowest nw = 0 states.
Some clear features are observed:
1) Intraband L + 2 → L transitions are strong, while intraband L → L transitions are
weak. For interband (nw = 2) → (nw = 0) transitions the opposite situation appears, i.e.
they are strong for L→ L and weak for L+ 2→ L.
2) Interband (nw = 1) → (nw = 0) transitions are strong for L → L + 1 and weak
for L → L − 1, while for interband (nw = 1) → (nw = 2) transitions the opposite picture
appears, i.e. they are strong for L→ L− 1 and weak for L→ L+ 1.
It is worth comparing these results to the main features expected to be exhibited by
B(E2)s in wobbling bands [21].
1) In region 2 of the Lund convention, which corresponds to the present case, the
interband (nw = 1) → (nw = 0) transitions are expected to be strong for L → L + 1 and
weak for L→ L− 1 [7]. This is exactly the situation seen in Table 2.
2) The ratio
B(E2)out
B(E2)in
=
B[E2;L1 → (L+ 1)0]
B[E2;L1 → (L− 2)1] , (34)
where the notation Lnw is used, is expected [21] to be of the order 0.2–0.3, i.e. much
larger than what is expected for typical interband transitions. The (nw = 1) → (nw = 0)
transitions in Table 2 do exhibit this behaviour.
3) The B(E2)out = B[E2;L1 → (L + 1)0] values are expected to go as 1/L and not as
1/L2 [21]. The results in Table 2 do exhibit this feature.
6. Comparison to experiment
The results of the present approach should be compared to experimental data for nuclei
which exhibit a X(5) ground state band. Rare earth nuclei with this property have been
summarized in Ref. [22]. In Table 3 we see that the gsb of 156Dy [23] is in good agreement
with the X(5) predictions, while two additional bands (the K and M bands of Ref. [23])
respectively) correspond very well to the nw = 0 and nw = 1 W(5) bands with γ0 = 20
o,
although no rms fitting with respect to γ0 has been performed. It is therefore of great
interest to measure intraband and interband B(E2) transitions for these bands, in order
to see if they will exhibit the characteristic wobbling features mentioned in Section 5. It
should be noticed that the spin assignments in the M band are based on the only transition
seen experimentally [23, 28] to connect a level of this band to the L = 30 level of the K
band. Since in the (nw = 1)→ (nw = 0) case the transitions L→ L+1 are the strong ones,
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as found in Section 5, it is assumed that the level of the M band from which this transition
starts is the L = 29 level.
It should be remembered at this point that in general γ-soft models involving γ-fluctu-
ations and γ-rigid models corresponding to large rigid triaxiality lead to similar results for
many observables [21, 29], when γrms of the former equals γrigid of the latter. Therefore
the agreement of the present model to experiment, if proved for B(E2)s, too, offers indeed
evidence for triaxiality but not necessarily for γ-rigid behaviour, although γ-rigidity was
among the assumptions which led to this model.
7. Discussion
In summary, a W(5) model describing the wobbling bands coexisting with a X(5) ground
state band in even nuclei has been introduced. Separation of variables is achieved by
assuming that the potential has a sharp minimum at γ = γ0. The model predictions for
given value of γ0 are parameter-free (up to overall scale factors). The W(5) predictions for
wobbling bands for γ0 = 20
o are in good agreement with experimental spectra for 156Dy, the
ground state band of which is described satisfactorily by X(5), while the W(5) predictions
for intraband and interband B(E2) transition probabilities exhibit the features expected for
wobbling bands. A characteristic feature of the model is that the nw = 0 wobbling band is
not coinciding with the gsb, but with the superband crossing the gsb.
Concerning further work, the following comments can be made:
1) There exist nuclei (160Yb, 158Er), the ground state bands of which are descibed well
by the X(5)-β4 and X(5)-β6 models [30] respectively. These models correspond to the use
of β4 and β6 potentials in the X(5) framework, leading to R4 = E(4)/E(2) ratios of 2.769
and 2.824 respectively. It is worth using the β4 and β6 potentials in the W(5) framework
as well, in order to examine if the parameter-free (up to γ0) predictions for wobbling bands
which will occur in these models agree with experiment.
2) The β-equation [Eq. (11)] obtained above in the W(5) framework is also exactly
soluble [31, 32] for the Davidson potentials [33]
u(β) = β2 +
β40
β2
, (35)
where β0 is the position of the minimum of the potential. In analogy to earlier work in the
E(5) and X(5) frameworks [34] it is expected that β0 = 0 will correspond to a “wobbling
vibrator”, while β0 →∞ will lead to the original wobbling rotator of Ref. [1].
3) Using the variational procedure developed recently in the E(5) and X(5) frameworks
[34], one should be able to prove that the W(5) model can be obtained from the Davidson
potentials by maximizing the rate of change of various measures of collectivity with respect
to the parameter β0, thus proving that W(5) corresponds to the critical point symmetry of
the transition from a “wobbling vibrator” to a wobbling rotator.
Work in these directions is in progress.
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Figure captions
Fig. 1 Energy levels with various L (and s = 1) of the W(5) model plotted versus γ0,
the position at which the potential has a sharp minimum. a) The nw = 0 band. b) The
nw = 1 band. See Section 5 for further discussion.
Fig. 2 Angular momentum L up to which the X(5) ground state band is Yrast, while
beyond it the nw = 0 W(5) band becomes Yrast, as a function of γ0, the position at which
the potential has a sharp minimum. See Section 5 for further discussion.
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Table 1: Energy levels of the W(5) model (with s = 1), measured from the ground state
of X(5) and normalized to the first excited state of X(5). The ground state band of X(5),
normalized in the same way, is shown for comparison. See Sections 2 and 5 for further
details.
X(5) W(5) W(5) W(5) W(5) W(5) W(5) W(5) W(5)
nw 0 0 2 2 1 1 3 3
γ0 15
o 20o 15o 20o 15o 20o 15o 20o
L0 2.061 1.378 10.307 6.891 6.184 4.134 14.429 9.647
L L
0 0.000 (0.000) (0.000)
2 1.000 (1.614) 1.513 (4.293) (3.967) 3 (4.535) (4.222)
4 2.904 3.729 3.531 (8.276) (7.692) 5 (7.744) 7.253 (12.766) (11.850)
6 5.430 6.265 5.964 (12.427) (11.593) 7 11.257 10.586 (17.790) (16.555)
8 8.483 9.195 8.780 (16.841) 15.755 9 15.099 14.241 (23.062) (21.506)
10 12.027 12.504 11.964 (21.555) 20.210 11 19.281 18.226 (28.618) 26.734
12 16.041 16.184 15.507 26.585 24.973 13 23.806 22.543 (34.475) 32.256
14 20.514 20.227 19.401 31.940 30.052 15 28.675 27.194 40.645 38.082
16 25.437 24.630 23.642 37.624 35.450 17 33.887 32.177 47.134 44.218
18 30.804 29.389 28.226 43.641 41.170 19 39.444 37.492 53.945 50.667
20 36.611 34.501 33.151 49.991 47.212 21 45.343 43.138 61.083 57.431
22 42.853 39.962 38.413 56.676 53.577 23 51.584 49.113 68.548 64.511
24 49.528 45.772 44.011 63.695 60.266 25 58.166 55.419 76.342 71.910
26 56.633 51.927 49.942 71.049 67.278 27 65.087 62.052 84.464 79.626
28 64.166 58.427 56.205 78.737 74.613 29 72.348 69.011 92.917 87.661
30 72.124 65.270 62.798 86.759 82.270 31 79.947 76.297 101.699 96.014
32 80.505 72.454 69.720 95.116 90.250 33 87.883 83.908 110.811 104.686
34 89.309 79.978 76.970 103.805 98.551 35 96.156 91.843 120.253 113.675
36 98.533 87.841 84.546 112.828 107.173 37 104.765 100.102 130.024 122.983
38 108.176 96.042 92.448 122.183 116.115 39 113.708 108.684 140.126 132.609
40 118.237 104.580 100.675 131.870 125.378 41 122.986 117.588 150.556 142.552
42 128.715 113.454 109.225 141.888 134.960 43 132.597 126.813 161.315 152.813
44 139.608 122.664 118.098 152.238 144.862 45 142.541 136.360 172.404 163.391
46 150.917 132.208 127.294 162.919 155.082 47 152.818 146.226 183.821 174.285
48 162.639 142.086 136.810 173.930 165.621 49 163.427 156.412 195.566 185.496
50 174.774 152.297 146.648 185.270 176.477 51 174.367 166.917 207.639 197.023
52 187.321 162.840 156.806 196.941 187.651 53 185.637 177.741 220.040 208.867
54 200.280 173.715 167.284 208.940 199.142 55 197.238 188.884 232.768 221.025
56 213.650 184.922 178.080 221.268 210.950 57 209.169 200.344 245.823 233.499
58 227.430 196.459 189.195 233.925 223.074 59 221.430 212.121 259.206 246.288
60 241.620 208.327 200.629 246.909 235.514 61 234.019 224.215 272.915 259.391
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Table 2: B(E2) transition rates of the W(5) model (connecting states with s = 1), normal-
ized to the transition between the two lowest states, B(E2;20 → 00). See Sections 4 and 5
for further details.
γ0 15
o 20o 15o 20o 15o 20o
L(i)nw L
(f)
nw L
(i)
nw L
(f)
nw L
(i)
nw L
(f)
nw
20 00 1.000 1.000
40 20 1.606 1.597 42 22 0.785 0.777 51 31 1.268 1.256
60 40 2.228 2.213 62 42 1.072 1.061 71 51 1.889 1.872
80 60 2.665 2.647 82 62 1.635 1.620 91 71 2.349 2.330
100 80 2.998 2.980 102 82 2.081 2.063 111 91 2.705 2.685
120 100 3.265 3.247 122 102 2.440 2.421 131 111 2.992 2.971
140 120 3.485 3.468 142 122 2.734 2.715 151 131 3.228 3.208
160 140 3.672 3.655 162 142 2.981 2.962 171 151 3.429 3.409
180 160 3.832 3.816 182 162 3.192 3.173 191 171 3.601 3.582
200 180 3.972 3.956 202 182 3.374 3.356 211 191 3.752 3.734
20 20 0.114 0.049 22 22 0.131 0.056
40 40 0.228 0.098 42 42 0.021 0.009 51 51 0.047 0.020
60 60 0.307 0.132 62 62 0.003 0.001 71 71 0.118 0.051
80 80 0.366 0.158 82 82 0.036 0.016 91 91 0.184 0.079
100 100 0.413 0.178 102 102 0.084 0.036 111 111 0.240 0.103
120 120 0.451 0.194 122 122 0.132 0.057 131 131 0.288 0.124
140 140 0.482 0.208 142 142 0.178 0.076 151 151 0.329 0.142
160 160 0.510 0.220 162 162 0.219 0.094 171 171 0.365 0.157
180 180 0.533 0.230 182 182 0.257 0.111 191 191 0.397 0.171
200 200 0.554 0.239 202 202 0.291 0.125 211 211 0.424 0.183
22 20 1.657 1.647 31 40 1.267 1.256 31 22 2.292 2.267
42 40 0.352 0.350 51 60 0.988 0.980 51 42 1.355 1.341
62 60 0.199 0.198 71 80 0.819 0.814 71 62 1.290 1.279
82 80 0.130 0.129 91 100 0.705 0.700 91 82 1.187 1.177
102 100 0.092 0.092 111 120 0.621 0.617 111 102 1.086 1.078
122 120 0.069 0.069 131 140 0.556 0.554 131 122 0.998 0.991
142 140 0.054 0.054 151 160 0.505 0.503 151 142 0.921 0.916
162 160 0.043 0.043 171 180 0.463 0.461 171 162 0.855 0.851
182 180 0.036 0.036 191 200 0.428 0.426 191 182 0.798 0.794
202 200 0.030 0.030 211 220 0.398 0.397 211 202 0.748 0.744
22 00 0.072 0.031 31 20 0.149 0.064 31 42 0.164 0.070
42 20 0.049 0.021 51 40 0.152 0.065 51 62 0.216 0.093
62 40 0.029 0.012 71 60 0.140 0.060 71 82 0.220 0.095
82 60 0.019 0.008 91 80 0.127 0.055 91 102 0.212 0.091
102 80 0.013 0.006 111 100 0.116 0.050 111 122 0.200 0.086
122 100 0.010 0.004 131 120 0.107 0.046 131 142 0.188 0.081
142 120 0.008 0.003 151 140 0.098 0.042 151 162 0.176 0.076
162 140 0.006 0.003 171 160 0.091 0.039 171 182 0.166 0.071
182 160 0.005 0.002 191 180 0.085 0.037 191 202 0.156 0.067
202 180 0.004 0.002 211 200 0.080 0.035 211 222 0.148 0.064
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Table 3: Comparison of the X(5) predictions for the ground state band and the W(5)
predictions (with γ0 = 20
o) for the nw = 0, 1 bands (with s = 1) to experimental data for
156Dy [23]. See Section 6 for further discussion.
X(5) exp. W(5) exp. W(5) exp. W(5) exp.
nw 0 0 1
L L L L
0 0.000 0.000 14 19.401 22.254 38 92.448 92.686 29 69.011 70.349
2 1.000 1.000 16 23.642 25.396 40 100.675 100.785 31 76.297 77.150
4 2.904 2.934 18 28.226 29.221 42 109.225 108.839 33 83.908 84.300
6 5.430 5.592 20 33.151 33.647 44 118.098 117.378 35 91.843 91.660
8 8.483 8.823 22 38.413 38.617 46 127.294 125.920 37 100.102 99.339
10 12.027 12.521 24 44.011 44.060 48 136.810 135.116 39 108.684 107.425
12 16.041 16.592 26 49.942 49.923 50 146.648 144.828 41 117.588 115.954
14 20.514 20.961 28 56.205 56.172 52 156.806 155.491 43 126.813 125.107
16 25.437 25.574 30 62.798 62.792 54 167.284 166.930 45 136.360 135.008
18 30.804 30.327 32 69.720 69.763 56 178.080 179.400 47 146.226 145.184
20 36.611 35.269 34 76.970 77.070 58 189.195 193.366 49 156.412 156.144
22 42.853 40.451 36 84.546 84.711 51 166.917 168.716
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